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The uniaxial motion of elastic media with rapidly varying spatial heterogeneities is
investigated. Homogeneous dispersive media that provide long wavelength approxima-
tions to elastic media with periodic heterogeneities are developed. Applications to
finite difference calculations in media whose properties vary rapidly within a wavelength
are presented.

INTRODUCTION

In investigations of wave propagation phenomena, it is frequently desirable to
solve the pertinent equations by time-marching numerical codes. Unfortunately,
even for the simple case of one-dimensional motion in elastic media, the compu-
tations can become prohibitively expensive when rapidly varying spatial hetero-
geneities are present. To accurately reproduce the effects of heterogeneities on
wave motion, a large number of zones per wavelength is required. As a result,
the computations do not extend to distances much larger than a wavelength.

The main effect of elastic heterogeneities on wave motion is dispersion. However,
the same kind of dispersion is generated in media that are homogeneous, provided
their sound speeds are suitably chosen functions of frequency. Such media offer
a numerical advantage because their motion can be calculated by zones whose
dimensions are not limited by the dimensions of heterogeneities. In this paper,
we examine uniaxial propagation in heterogeneous periodic elastic media. Through
harmonic analysis, we show that at long wavelengths any periodic elastic medium
behaves like a homogeneous dispersive medium. The simplest of these media has
a constitutive relation that contains, in addition to the usual Hookean term,
another term that, in the time domain, is proportional to the second time derivative
of the strain. The transient properties of this medium are examined, and the stability
of possible finite difference analogs is discussed. A particular finite difference
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analog, which is simple to implement in currently existing codes, but which,
nevertheless, places undesirable limitations on the mesh variables, is investigated
in some detail. An example comparing the exact transient motion developed in a
periodic bilaminate to the motion obtained from the difference equations is
presented.

Although the analysis is restricted to one-dimensional motion in periodic media,
it seems that the method may also find applications in calculations of motion in
media that are not periodic, for example nonperiodic heterogeneous media that
look homogeneous and isotropic on a macroscopic scale.

HARMONIC ANALYSIS

Let the time harmonic dependence be e~#!, where w is the applied frequency
(a real number). Let x, d(x, w), 6(x, ) and é(x, w) represent the Lagrangian
particle position, harmonic particle velocity, harmonic particle compressive
stress, and harmonic particle strain for one-dimensional motion. Finally, let the
referenced density p(x), inverse constraint modulus m(x) and reference sound
speed c(x), c(x) = 1/{p(x) m(x))*/2, be positive piecewise-continuous periodic
functions of x with period L. The uniaxial motion in heterogeneous elastic media
is governed by the following equations relating these quantities

oiféx = —iwé, 1)
06/6x = iwp(x) 4, )
6 = —é/m(x). 3)

The solution of the above equations has been investigated in [1], where it was
shown that, with the possible exception of the frequencies at which

sinfwL/v,(w)] = 0,
the velocity and stress can be written as

4 ) =i [ 552 )

+f_(w) e—i(wa:/'v,,,(w)) [Z—(f:-i(é’_—((lz w)]’ (4)

where Fi(x, ), G.(x, w) are periodic functions of x with period L and

Fi(nL, w) = Go(nL, w) = 1,n = 0, 1,2,.... Q)
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The functions vy (w), Z:(w), and fi(w), which are independent of x, represent,
respectively, the wave phase velocity, forward and backward wave impedances,
and particle velocity amplitudes generated by boundary conditions at x = 0.

The earlier investigation showed that the phase velocity and wave impedances
can be obtained from a certain matrix B(x, w),

_ biu(x, w)  biy(x, w)
Blox, w) = [b'Zl(x, w) by, w)]’

which is the solution of the matrix differential equation

OB(x, w) . 0 m(x)
ox e [p(,\’) o) B ), ©)
subject to the boundary condition
1 0
w0 =[} 9.

An examination of this matrix revealed that (a) its determinant is independent of
x and equal to 1, (b) its diagonal elements b;;(x, w) and byy(x, w) are always real
functions, and (c) the off-diagonal elements b,y(x, w) and by (x, w) are purely
imaginary. It turned out that at x = L, the eigenvalues of this matrix represent
the wave propagation factors e+*«@L/®»() whereas the corresponding eigenvectors

% L] give the wave impedances. In particular, the phase velocity satisfies the
dispersion relation

wl 1 by(L, w) + by(L, )
cos [ on) ] = 5 , @)
whereas the wave impedances are given by the equations
+i(wL/vy(w))
_ £ ’ — bu(L, w) _ bxu(L, w)
Z:l:(w) = b12(L9 w) - eriwLjvylw) bzz(L, w) . (8)

Utilizing usual low frequency procedures, power series expansions for the
elements of B(L, w) were obtained. It was deduced from Eq. (7) that at long wave-

lengths (or low frequencies), the wave phase velocity is a real even function of
w and has the power series expansion

vy = (I — 0% — vt — -+), )

where the static speed ¢ is given by

= 1
¢= [(1/L) fz p(x) dx (1/L) JEm(x) dx]'E (10)
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The quadratic coefficient v, , which is responsible for long wavelength dispersion,
is related to the spatial variations of p and m as follows

c

vy = % (TE)Z [% ( L )4 — J;L m(x) f: () joy m(z) foz p(w) dw dz dy dx
_ fo " o) fo () fo " o(2) [0 * () dw dz dy dx], (11

and is always positive if the medium impedance p(x) c(x) depends on x (when the
impedance is independent of x the phase velocity does not depend on w and
vy = vy = *-- = (). The higher-order coeflicients, whose relation to p and m
may be obtained by straightforward extension of the analysis of [1], provide
higher-order long wavelength corrections to the quadratic term

[ vyt + o | = Ol(wL/)!].

The wave impedances, which in general are complex functions of frequency,
have the long wavelength expansions [2]

Zu(w) = iﬁagl L oL s p0) o m(y) dy ds — Jy m(x) S5 ply) dy dx]
2 ¢

[} (’; p(x) dx [} g m(x) dx
wl\?
+o =) 1 (12)
where p is the average density
~ 1t
p = ff p(x) dx (13)
[

In the rest of the paper the results already presented are utilized in developing
approximations to periodic elastic media. The approximations, which are accom-
plished by simplifying both the phases and amplitudes of the waves of (4), reduce
the long wavelength motion of periodic elastic media to the motion of homogeneous
dispersive media.

AMPLITUDE APPROXIMATIONS

As seen from (1) and (2), at the static limit of zero frequency the velocity and
stress are independent of position. Accordingly, one can expect that for wave-
lengths that are sufficiently long the amplitudes F.(x, w) and G.(x, w) do not
depend on x. In order to derive conditions under which the spatial amplitude
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dependence may be neglected, we consider waves moving in the +x direction
(similar arguments apply for the waves moving in the other direction). Because
of the amplitude periodicity, we may restrict the analysis to the region in the first
unit cell, i.e., 0 < x < L. When the strain is eliminated from (1)-(3) and in the
resulting equations expression (4) is substituted, an integration, with the help of
(5), of the final result gives

Fin o) = 1+ 0 [2,@) [ m(3) 6.0 0) &y — 1 ["Fv ) ], )

Guxiw) = 1 +io [z [T iV RGi @ &y — 7 [T G a), 19)

from which, in conjunction with (9), (10), (12), and (13) follows

Fu(x, w) = 1 + iw(x/2) ay(x) + O(w?), (16)
Gi(x, w) = 1 + iw(x[C) axy(x) + O(w?), an

where the functions a,(x) and a,(x) are related to the spatial variations in p and m
as follows

a) — WD Jom() dy — (/L) Jy m(y) dy
: /D) [Em(yy dy ’

/=) 5 o) dy — (UL) Sy p(p) dy
(/D [Ep(3) dy

ax(x) =

The amplitude expansions show that we may neglect the spatial amplitude
dependence provided that

(wx/0) ay(x)} < 1, (18)
l(wx/c) a(x) < 1, (19)

where 0 <C x < L. The inequalities indicate that when the wavelength A,
A = 27(/w), is sufficiently larger than the period L, the spatial amplitude depen-
dence is negligible. However, the length of A compared to L depends on the spatial
variations of p and m. In particular, the inequalities show that the stronger the
spatial variations of the material properties (i.e., the larger the maximum values
of | a;(x)| and | a,(x)|) the larger the ratio A/L should be. In the trivial case where
the density and inverse modulus are constant the amplitudes are independent of
x and A/L can be arbitrarily small.
When, in addition to (18) and (19), v,w? is much smaller than 1, i.e.,

Uzwz << l,
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which is a condition applicable to long wavelengths since from (11) foliows that
vy < (1/24)(Ljc)?, then from (9) and (12) follows that the waves of (4) can be
approximated by the following expressions

1

—ﬁl‘p((u)] - @0

a6 ]t s L] sy e |

Thus, the long wavelength fields are solutions of the equations

D

= G
x = prHw)

(%)

[w$}
Q

~ lwpil, (22)

QD
b

which describe motion in a homogeneous dispersive medium of density 5 and sound
speed v, (w).

Even though the homogeneous dispersive medium equations are simpler than
the heterogeneous medium equations, their utility in transient calculations is
limited in particular since in most cases, it would be difficult to provide a full
description of the frequency dependence of the phase velocity. However, it seems
possible to obtain, through experimental or other means, the dominant low
frequency behavior of the wave phase velocity. For this reason, further simpli-
cations are more appropriate.

PHASE APPROXIMATIONS

A particularly simple homogeneous dispersive medium, whose solutions
approximate the long wavelength motion in periodic media inside a limited range
from the boundary, results when the function v,*(w) is approximated by its low
frequency terms up to second order. Let U(x, w), S(x, ), and E(x, w) represent
the velocity, stress and strain in this medium. The motion is governed by the

conservation equations
8U0/6x = —iwk,
28/ox = iwpU,
and the constitutive equation [3]

S = —pex(l — 20,0 E.
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Its harmonic solutions are
U(x, w) = fi(w) gitorn[E0 -2, /2) + f(w) g—ilwn/E(1-2v,0t12)
S(x, w) = pe(l — 20,0772 f(w) eilwrié-2ue® _ 551 _ 2p 2172
X f{w) e-itoriea-2nutt’?)
A comparison with Eq. (20) shows that inside the range x < X, where X is chosen
such that the phase difference

wX . wX
v (w) (1 — 2u,0¥)t/2 |

is equal to 27, the homogeneous dispersive medium velocity and stress approximate
the velocity and stress of the heterogeneous medium. When all but the dominant
terms can be neglected, the range can be found from

2m¢
Y=ot g

By retaining higher-order terms in the expansion for v,2(w), the range inside
which the homogeneous dispersive media are useful for approximating the hetero-
geneous medium motion can be increased. For example, it is not difficult to show
that for the next higher-order dispersive medium, whose constitutive relation is

S = —pl — 200° + (0,2 — 20,) 0¥ E,
the range is inversely proportional to «w?
X = | constjw? |.

Whereas at the limit of zero frequency, the heterogeneous medium generates
velocities and stresses that are independent of x, the heterogeneous static strain
varies with position according to the detail nature of the heterogeneities. Therefore,
the strain E(x, w), which is independent of position when w = 0, cannot represent
é(x, w) accurately. However, é(x, w) may be obtained from $ as follows

é(x, w) ~ —m(x) S(x, w)

provided the detail spatial variation of the modulus is given.

TRANSIENT MOTION

Like the motion in elastic media, the transient motion of simple dispersive
medium, which is governed by the equations

Uac = Et . (23)

S, = —pU,, (24)
S = —pe(E + a*E,), (25)
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where the constant a is equal to (2v,)'/%, has the property, which is desirable for
numerical calculations, of being stable. The specific internal energy &(x, ),

ﬁgt = _SUa; s

is always positive definite for an initially quiet medium (E(x, 0) = E;(x,0) = 0)
[4]. It is given by
& = }%E + 1ca*(E)>.

In numerical applications, the motion generated in an initially quiet medium is
of most interest. To get an idea of what to expect in numerical discretizations of
the motion of this medium, we obtain the impulse response. Suppose that a
d-function velocity, U(0, t) = &(¢), is applied at x = 0. Laplace transform theory
shows that the fields are given by the expressions

U6s, 1) = 2D [ sinyr sin (-2 L) dy + 80) e, (26)
S(x, 1) = pc [}i—(;) f_ll (cos yt' — 1) cos (—(f——;x—;—)z—)ﬁ) a — y2n2 dy
+ —I;%) 1+ x) e + ad(z) e—’”’], 27)
_ __H@® ? - x'y dy _HE) .
E(x, 1) = wed J_l (cos yt 1) cos Ty = R = e ,(28)

where H(t) is the Heaviside function
H(t) = 0, t <0,
=1, t >0,
and the normalized variables ¢’ and x’ are
t' = t/a,
x' = x/ca.

The expressions may be verified by substitution into (23)-(25). The following
integral (and its spatial derivative) is useful in the verification process [5]

f: sin (T_L%m yav=["(; ﬁgz —a f@) sin(x'€) de

W™

'
= — x'e™™.

4
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The impulse response of this medium is quite unlike the response of elastic
media (case where a = 0). The response may be broken up in two parts that
depend on their behavior near ¢ = 0. The first part, which consists of the integrals
appearing in (26)-(28), is zero for r = 0. The second part, which consists of the
double §-function, d-functions, and Heaviside function appearing in (26)-(28),
is discontinuous at r = 0. The second part shows that, unlike elastic media, this
medium is capable of transmitting information instantaneously. However, the
information is transmitted with a magnitude that decays exponentially with x
with a decay length ¢a. Thus, particles whose distance from another particle
stationed at, say, x, is much larger than ¢a cannot experience significant instan-
taneous motion based exclusively on what happens at that instant at x, . In effect,
each particle has significant instantaneous communication with neighboring
particles that do not lie farther than a distance comparable to ¢a. Accordingly,
one would expect that numerical instabilities will develop in computations with
finite difference analogs of Eqgs. (23)~(25) if the spacing between adjacent mesh
points is much smaller than ca.

A FINITE DIFFERENCE TIME MARCHING ANALOG AND ITS STABILITY

A finite difference time marching analog of the differential Eqs. (23)~(25) may
be constructed by attaching to difference equations for one-dimensional motion
in elastic media an appropriate finite difference analog of the extra term a2E,, .
Although there are many finite difference equations useful for elastic computations,
for purposes of restricting the discussion, we adopt the von Neumann-Richtmyer
scheme, which is particularly simple and well known [6].

Let the finite difference gridpoints have equal spatial and time spacing 4x and 4z.
Let the abbreviated notations Up™ ™™, E}\ 10, , S;yas stand for Ux,, , t7+1/2),
E(Xmeam > 1™ and SO, »t"), where m=0,1,2...,n=0,1,2,..., and
X = M AX, Xitrre) = Xm + (Ax[2), 1" = n Az, "2 = ¢» |- A¢/2. The selected
difference equations are

U:rl.-_t(ll.v"z) — U:;;—P(l :2)

n+1 n
- Emrty/e) — Em+(1/2) (29)
Ax At ?

—=a [ n a\? —
STnﬁ-l(l/Z) = —pC” [Emi1(1/2) + (E\) (Er':zil(1/2) - 2E:ln+(l ) E:ln+l(1/2))]’ (30)

n+l n+1 n+(3/2) n+(1/2)
Sm+(3’2) — Sm+(l’2) — ”‘ﬁ Um+1 T Ymn

dx At ) (31)

At the start of each computational cycle, U.7'® and all other quantities of super-
script n or less are known. To start computations, we find, for each m, Eptlys,
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from (29). Then, we obtain Spti,,,, , for each m, from (30). To finish the cycle,
we compute, for each m, Upt®® from (31). To compute motion generated by a
boundary velocity u(¢), the variables UJt™"® were assigned the values p(z7+1/2),
The variables U3 , Emiainy > Emrasz » and E;2 i, were assigned zero values.

The stability of time marching computations can be examined by considering
solutions of the form

/ ; Zo—i
U,T(] 2) dy(K) ek dzg—iln-t(1/2)w(K) 4t

Shasz = dy(K) et /2NK dcg—ina(K) At

E;?i+(1/2) - d3(K) eilm+(1/2)K Az p—inw(K) 4t
By substitution into Eqgs. (29)—(31), we find that the wave number K and frequency
w were related by the dispersion relation

sin? K2Ax = (

Adx )2 sin%(w A4t/2) 32)
cdt/ 1 — 4(ajdr)? et sin(ew At/2) "
The values of the growth factor e~**4 are obtained from the roots of (32). When
the phase w A4t is spit into real and imaginary parts, w At = ¢ — iy, Eq. (32)
gives the following relations between ¢ and i,

8a2B%" sin ¢

[T+ daelei® 2° (33

sin ¢ sinh ¢ =

, 1 + do?e? cos @

cm¢mm¢=l—%TT?R@ﬁ$’

(34)

where
o (L K
o (L K

For stability, we require that the roots of Egs. (33) and (34) have nonnegative .
When sin ¢ 52 0, only positive values of ¢ satisfy Eq. (33). Thus, all complex
growth factors have magnitudes less than 1. Moreover, it is not difficult to show
from Eq. (34) that the growth factor cannot be real and positive. The magnitude
of negative growth factors is governed by Eq. (34), where ¢ = = and can be
obtained from

cosh = —1 + 267

T— de
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The roots of this equation occur for values of i for which the right-hand side is
greater than or equal to 1. However, it is not difficult to show that the right-hand
side is greater than 1 only when e* lies between (1 — 58%)/4a? and 1/4o2. Thus, for
all roots, the values of ¢ are such that

1 — B ‘ 1

T S¢Sz
Clearly, the roots will have i positive if (1 — S?)/4a®* > 1. Hence, in all cases,
the time marching computations are stable if

ca \? ¢ dr\2?

Hge) + ) < (33)

When a is equal to zero, Eq. (35) gives the familiar condition for elastic equations.

However, for nonzero values of a, stability cannot be ensured with zone width

smailer than 2¢a. Thus, the scheme is useful only in computations of long wave-
length motion.

PHASE VELOCITY OF FINITE DIFFERENCE WAVES AND
LIMITATIONS PLACED ON THE MESH VARIABLES

The analytical solution of the finite difference equations for a velocity boundary
condition may be investigated by separation of variable techniques. The fields may
be written as

pT/2
U7:+(1/2) - 1J A(w) eiKtwrm see—itn+(1/2)w@m/7) do,,
T Y _7i2

I g2 A o
Shi e = ;f Y(w) A(w) eiK(@ nei1/2) dvg—ina@n/n) de,,

—7/2
1 T/2

E' = - f W(w) A(w) €K@ m+1/2) szg—inatan/n) g,
- T v_z/2

where
T = 27/At,

@

A(w) — z l,(t‘r+(1/2)) eilr+1;2)wi2a /1)
=0

The wave number K and functions Y and W are obtained by substitution in
(29)-(31). The wave number K and frequency w are related by the previously
obtained dispersion relation (32). A low frequency investigation of this relation

581/20[3-3



290 GEORGE N. BALANIS

shows that the phase velocity V (w), ¥V (w) = w/K(w), of the finite difference
waves has the expansion

Vo) = 2 1 — % (e + é [(-‘l—‘f — (dry]) o — i%zélt o + O(wh]. (36)

A comparison of this expansion and Eq. (9) indicates that, for calculations of long
wavelength motion in periodic elastic media, more limitations than the stability
conditions must be placed on 4x and 4z.

a. Limitations Placed on 4t

The high-order cubic frequency term in the low frequency phase velocity
expansion creates energy losses [7]. Evidently, the dissipation has been introduced
from the desired (for starting the computations from zero initial conditions, and
for making the scheme explicit) backward-in-time representation of ¢®E,,. When
At is sufficiently small, this term, which is the dominant term responsible for dissi-
pation in the long wavelength part of the spectrum, can be made negligible at
long wavelengths. An estimate of how small A¢ should be may be obtained from
the long wavelength expression for the propagation factor A, A = e'%*, where
x = m dx. From Eq. (36), we find that

e b BT ]

3z wt 4+ O(w?).

Thus, in the long wavelength part of the spectrum, the propagation factor may be
approximated as follows

v pilw/E)apli;2){a?+(1/12)[( Ax/E)2—( 46) 2] wd /) x p—(a? A8 /28t
X e e e .

Therefore, the long wavelength dissipation will be small when, for | w | <€ 1/a, the
exponential term is close to unity, i.e., for 4¢ small enough that

At L 2ta¥/x

b. Limitations Placed on Ax

The quadratic coefficient in the low frequency phase velocity expansion contains
a term that goes to zero as ¢ — 0 and a term independent of a. When 4t is small,
the latter term, which arises from the low-order spatial discretizations employed
by the Neumann—Richtmyer scheme [8], has minimum effect provided that 4dx
is as small as possible. Accordingly, in order that the second-order dispersion of
the von Neumann-Richtmyer scheme does not mask the second-order dispersion
of the heterogeneous medium waves, the mesh size must be close to the stability
limit 2éa.
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EXAMPLE

To generate an example that gives an idea of the accuracy of the computational
model in calculations of long wavelength motion, the results for a velocity boundary
condition were compared to the known exact solution of a periodic bilaminate [9].
The first bilaminate layer starts at x = 0, is 0.8 cm wide, has a density of 1 g/cm?,
and a sound speed of 1 cm/usec. The second layer, which is 0.2 cm wide, is weaker
than the first. Its density and sound speed have the values 0.5 g/cm® and 0.5 cm/usec,
respectively. Beyond the second layer, the bilaminate repeats itself with period
1 cm. The values of the parameters p, ¢, and a are. respectively, 0.9 g/cm?,
0.68041 cm/usec, and 0.2357 usec. The boundary velocity is a square pulse of
height U, cm/usec and duration 7.2 usec. The time step and zone size have the
values 0.005 psec and 0.35 cm, respectively.

Figures 1 and 2 display the calculational and exact particle velocity and stress
profiles that develop at positions x = 35 cm and x = 7 cm. The figures show that
the computational model is capable of reproducing some of the effects of the
heterogeneities on the square pulse. In particular, the wave front erosion, which
is generated from repeated reflections from the bilaminate interfaces, and the main
low frequency wave body are reproduced rather accurately. However, it is evident
that the more rapid oscillations, which follow the main wave body and are heavily
attenuated, have incorrect phasing. Thus, it seems probable that a more accurate
reproduction of these oscillations would have to employ a nondissipative scheme
that provides higher-order low frequency approximations to the wave phase
velocity.

The profiles at x = 1 c¢m displayed in Fig. 3 show an interesting phenomenon.
Whereas the particle velocity is reproduced satisfactorily, the stress is not. It is
evident, however, that in contrast to the exact stress profiles at 7 cm and 35 cm,
the exact stress profile at 1 cm contains strong high frequency components. The
nature of these high frequencies has been explained in {9]. It turns out that the
near boundary behavior of the velocity and stress can be dominated by resonance
phenomena that occur at frequencies at which the wave impedance Z_(w) defined
in Eq. (8) has poles (or zeros if a stress boundary condition is used). To obtain a
limited understanding of the resonance condition in an arbitrary periodic medium
one may utilizer a similar method to the one used in [9]. In particular, with this anal-
ysis one can show from Eq. (8) that all resonances can occur either at frequencies
where the group velocity y,(w), v(w) = éw/ck where k = w/v,, is complex,
or at frequencies where sin kL = 0 [10]. Although this analysis does not rule out
the possibility of some resonances occurring at frequencies where sin kL = 0,
and where it happens that the group velocity is real and nonzero, nevertheless,
no calculation or experiment has provided evidence for propagating resonance
phenomena. Accordingly, from the possible resonance locations mentioned above,
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one would expect that only frequencies where the group velocity is complex, or
possibly zero, can resonate. Therefore, the resonance phenomena should decay
very rapidly with distance without influencing the solution at ranges whose distance
from the boundary is larger than a few periods.

CONCLUSIONS

The uniaxial motion of heterogeneous periodic elastic media was investigated.
It was shown that for long wavelengths, the harmonic motion of any periodic
medium can be approximated by the motion of suitably chosen homogeneous
dispersive media. The simplest of these media has a constitutive relation that
contains, in addition to the usual Hookean term, an extra term that is proportional
to the second time derivative of the strain. The proportionality constant is related
to the dominant coefficient of the low frequency power series expansion of the
phase velocity of the periodic medium.

The transient properties of this simple medium were examined and a particular
set of finite difference equations, which are based on the von Neumann—Richtmyer
scheme, was analyzed. Stability was investigated with the von Neumann-Richtmyer
method. It was shown that for the scheme to be stable, the mesh size cannot be
smaller than a certain characteristic length that is proportional to the coefficient
of the extra term in the constitutive relation. Particular choices of Ax and At that
are useful for modeling long wavelength propagation in periodic media were
obtained by examining the low frequency dispersion characteristics of the finite
difference waves. An application of the difference equations to calculations of
transient motion was given.
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As seen from Eq. (8), when w corresponds to a pole or zero of Z. (w), then b1(L, w) = 0
or by (L, w) = 0. However, since the determinant of matrix B(L, w) is equal to 1, it follows
that at the resonances by;(L, w)by,(L, @) = 1. This result and Eq. (7) show that

lcoskL | > 1.
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However, the group velocity is given by

2L(1 — cos? kL)/?
218w)bu(L, w) + b L, )]

vy(w) = (

Thus, at the resonant frequencies at which sin kL 0, the group velocity is complex.
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